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Abstract
Based on von Neumann ideas (Proposal and analysis of a numerical method for the treatment of hydrodynamical shock
problems, in: A.H. Taub, General Ed., Collected Works, Vol. VI, Pergamon Press, Oxford, 1963, pp. 361{379), later
developed by Lax (T.Y. Hou, P.D. Lax, Dispersive approximations in uid dynamics, Commun. Pure Appl. Math. 44
(1991) 1{40) and Greenberg (Commun. Pure Appl. Math. XLV (1992) 1125{1139; J.M. Greenberg, G. Hedstrom, A
note on a model for quasilinear wave equation, Arch. Rat. Mech. Anal. 40 (1971) 160{165), in this paper we present a
method for hydrodynamical shocks generation. We determine weak solutions of one-dimensional nonlinear wave equation
which present shocks and we give also a numerical treatment for capturing these shocks. c© 1999 Elsevier Science B.V.
All rights reserved.
MSC: 76L05
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1. Introduction
All our consideration concern the one-dimensional nonlinear wave equation
@2
@t2
− @(@=@x)
@x
= 0; (1)
where the function  : (0;1)! (−1; 0] is of class C1 and satises: there exists
2 (0; 1) such that ()< 0 for 2 (0; ); () = 0 for >; lim!0+ () = −1;
 is strictly increasing on (0; ) and the potential energy U () =
R 
 (s) ds satises condition
lim!0+U () = +1:
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We nd weak solutions for this nonlinear wave equation using solutions of the innite system of
dierential equations
_x1 = v1;
1
N
_v1 = (N (x2 − x1))− (2Nx1):
_xk = vk ;
1
N
_vk = (N (xk+1 − xk))− (N (xk − xk−1)); k = 2; 3; : : : :
(2)
In the construction of the solutions of this innite system we use periodic solutions of a system
of two nonlinear ordinary dierential equations of rst order presented in [1]:
_= v;
1
N
_v=−(2N) + (2N ( − )):
(3)
Let ((t); v(t)) be the solution of the system (3) which satises the initial conditions (0) = 0,
0 2 (0; =2N ) and v(0) = 0 (N > 0 integer, > 0 real).
Let T > 0 be the period of the solution ((t); v(t)) and t1> 0; v0> 0 dened by t1 = infftjt > 0;
(t) = =2Ng.
In [1] we showed that a solution of the system (2) is the sequence of functions (xk(t); vk(t)),
k = 1; 2; : : : dened for t>0 by the formulas
x1(t) = (t); v1(t) = v(t) (4)
and for k = 2; 3; : : :
xk(t) = (k − 1) + 2N + v0

(k − 1)T
2
− t1

− v0t;
vk(t) =−v0 for 06t6(k − 1)T2 − t1
(5)
and
xk(t) = (k − 1) + 

t − (k − 1)T
2

vk(t) = v

t − (k − 1)T
2

for t>
(k − 1)T
2
− t1:
(6)
This solution satises the following initial conditions:
x1(0) = 0 2

0;

2N

; v1(0) = 0
xk(0) = (k − 1) + 2N + v0

(k − 1)T
2
− t1

; vk(0) =−v0; k = 2; 3; : : : :
(7)
We will evaluate the continuum limit of this solution and we will obtain the limit motion 1(x; t)
as the pointwise limit of the individual trajectories xk(t) as N !1 with x= k=N xed, which will
be a weak solution of (1).
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2. Weak solutions of one-dimensional nonlinear wave equation which present shocks
Using the nonstationary solutions (4){(6) of the innite system of ordinary dierential equations
(2), for each integer N , we introduce the functions N (x; t); N (x; t)= @
N
@x (x; t)= 
N
x (x; t); v
N (x; t)=
@ N
@t (x; t) = 
N
t (x; t) and 
N (x; t) = (N (x; t)) dened by the formulas
N (x; t) =
8>><
>>:
2Nx1(t)x; 06x6 12N ;
and for k = 1; 2; : : : ;
xk(t) + N (xk+1(t)− xk(t))(x − 2k−12N ); 2k−12N 6x6 2k+12N ;
(8)
N (x; t) =
8>><
>>:
2Nx1(t); 0<x< 12N ;
and for k = 1; 2; : : : ;
N (xk+1(t)− xk(t)); 2k−12N <x< 2k+12N ;
(9)
vN (x; t) =
8>><
>>:
2Nv1(t)x; 0<x< 12N ;
and for k = 1; 2; : : : ;
vk(t) + N (vk+1(t)− vk(t))(x − 2k−12N ); 2k−12N <x< 2k+12N
(10)
and
N (x; t) = (N (x; t))
8>><
>>:
(2Nx1(t)); 0<x< 12N ;
and for k = 1; 2; : : : ;
(N (xk+1(t)− xk(t))); 2k−12N <x< 2k+12N :
(11)
Remark. We observe that Nx and 
N
t are weak solutions of the equation
@Nx
@t
− @
N
t
@x
= 0; for x> 0; t > 0: (12)
Theorem 1. The sequence N (x; t); dened for N > 0 by formula (8) converges pointwise to the
function
1(x; t) =
8<
:
x − v0t; 0<t< −1(v0)2v0 x;
+1(v0)
2 x; t>
−1(v0)
2v0
x
(13)
for N ! 1; where >+ maxNfv0Ig;  = ( +  − v0I)=2N; I =
R 
2N0
d=
qR 
2N0
−(s) ds and
1(v0) = − v0I .
Proof (sketch). In order to compute N (x; t) we must consider the following three situations:
(a) 06t6((k − 1)T=2)− t1;
(b) t>(kT=2)− t1;
(c) ((k − 1)T=2)− t16t6(kT=2)− t1:
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Computing we obtain
N (x; t) =
8>>>>>>><
>>>>>>>:

2N − v0t + N ( + v0 T2 )x − 12 ( + v0 T2 )− v0t1; 06t6 (k−1)T2 − t1
(Nx − 12 ) + v0t(−Nx + 2k−12 ) + v0 kT2 (Nx − 2k−12 )
+(2k+12 − Nx)(t − (k−1)T2 ) + 2 (x − kN ) + 2N 12 ; (k−1)T2 − t16t6
kT
2
− t1
N (2x − kN ) + 2(k − Nx)(t − (k−1)T2 ); t> kT2 − t1:
(14)
The period is T=(2=N )I+(2=v0)(− N ). We remark that v0I is bounded and for >+ maxNfv0Ig
choosing  = ( +  − v0I)=2N , we have  + v0(T=2) = =N ! 0 for N ! 1. Consequently for
N !1 along with x = k=N xed we obtain limN!1N (x; t) = 1(x; t).
Theorem 2. The derivatives Nt = @
N =@t and Nx = @
N =@x converge weakly to the functions 1t
and 1x dened by
1t (x; t) =
8<
:
−v0; 0<t< −1(v0)2v0 x;
0; t> −1(v0)2v0 x
(15)
and
1x (x; t) =
8<
:
; 0<t< −1(v0)2v0 x;
+1(v0)
2 ; t>
−1(v0)
2v0
x:
(16)
Proof (sketch). We prove that Nt (x; t)! 1t (x; t) and Nx (x; t)! 1x (x; t) for N !1.
For 06t6(k − 1)T=2− t1, we have Nt (x; t) =−v0 and Nx (x; t) = N ( + v0(T=2) = N (=N ) = .
For t>kT=2 − t1, we have Nt (x; t) = (2k − 2Nx)vk(t) and Nx (x; t) =  + 1(v0)=2. So, we obtain
that formulas (15) and (16) are true.
Theorem 3. The sequence N (x; t); dened for N > 0 by formula (11) has a weak limit
1(x; t) =
8<
:
− 2v20−1(v0) ; 0<x< 2v0t−1(v0) ;
0; x> 2v0−1(v0) t:
(17)
Moreover, the pair of functions (v1(x; t); 1(x; t)) is a weak solution of the equation (@1x =
@t) − (@1=@x) = 0 for x> 0 and t > 0 and it satises the Rankine{Hugoniot equation (2v0=( −
1(v0)))(v1− − v1+ ) + (1− − 1+ ) = 0 across the shock wave
x =
2v0
− 1(v0) t: (18)
It results that the continuum limit of solutions (4){(6) corresponding to the initial conditions (7)
can be evaluated and the limit motion is the pointwise limit of the trajectories xk(t) for N ! 1
along with x = k=N xed and is a weak solution of Eq. (1).
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Fig. 1.
In [2], Greenberg had determined a solution of the innite system of dierential equations (2)
corresponding to a certain initial position for a given velocity v0. With this solution, he found a weak
solution for the wave equation (1) corresponding to the given velocity v0. Greenberg had obtained
only one shock wave which front is given by the equation
x =
2v0
1− 1(v0) t; t > 0: (19)
Our result is a generalization of Greenberg’s result, because we obtain several weak solutions and
several shocks for a given initial velocity.
3. The numerical capturing of hydrodynamical shocks presented by the above weak solutions
For the numerical capturing of the shocks presented by the above weak solutions, we consider
the function
() = 1− 1
42
for 0<6 12 (20)
and
() = 0 for > 12 (21)
Solving numerically system (3), we determine by interpolation, analytical expression of the periodic
function (t), which we use to dene the solutions xk(t) given by (4){(6).
For various choices of v0, we represent the trajectories of particles and the shock lines given by
(19) in Greenberg case. For v0 = 13 , the shock line has the slope m1 = 0:8609971 (Fig. 1).
For v0 = 23 , the shock line has the slope m2 = 1:4622421 (Fig. 2).
For v0 = 0:9, the shock line has the slope m3 = 1:8711723: (Fig. 3).
In our theoretical results from previous section, for the system (3) the initial condition (0) = 0
corresponds to the rst particle position. This condition is the solution of integral equation
v20 =
Z 
2N0
−(u) du for any v0> 0:
Thus, for various choices of v0 and  from Theorem 3, we nd several shock trajectories.
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Fig. 2.
Fig. 3.
Fig. 4.
We will represent only the trajectories of particles and the shock wave for v0 = 13 and  =
1:5160322; 1:2551626 and 0:8493655 in Figs. 4{6.
For these values of  we have the following slopes: m1 =0:6459357; m2 =0:8644594 and, respec-
tively, m3 = 1:8244496.
We observe that the trajectory of the shock front from Figs. 4{6 depends on . The values v0 = 13
and = 1; 2551626 correspond to the Greenberg case Fig. 1.
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Fig. 5.
Fig. 6.
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